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DEFORMATIONS OF WEAK Q-FANO 3-FOLDS
TARO SANO
Abstract. We prove that a weak Q-Fano 3-fold with terminal singularities has unob-
structed deformations. By using this result and computing some invariants of a terminal
singularity, we provide two results on global deformation of a weak Q-Fano 3-fold. We also
treat a stacky proof of the unobstructedness of deformations of a Q-Fano 3-fold.
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1. Introduction
In this paper, we consider algebraic varieties over the complex number field C.
Definition 1.1. Let X be a normal projective 3-fold. We say that X is a weak Q-Fano
3-fold (resp. Q-Fano 3-fold) if X has only terminal singularities and −KX is a nef and big
(resp. ample) divisor.
Weak Q-Fano 3-folds naturally appear in the birational study of a Q-Fano 3-fold. (cf.
[Tak06]) In this paper, we first study the deformation of a weak Q-Fano 3-fold.
The following is a main result of this paper.
Theorem 1.2. Deformations of a weak Q-Fano 3-fold are unobstructed.
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The author proved the unobstructedness for a Q-Fano 3-fold ([San16, Theorem 1.7]). Mi-
nagawa proved it for a weak Fano 3-fold with only terminal Gorenstein singularities([Min01,
Main Theorem (1)]). Theorem 1.2 is a generalization of these results.
By using Theorem 1.2, we study the existence of a Q-smoothing of a weak Q-Fano 3-fold.
Recall that a 3-fold terminal singularity has a Q-smoothing, that is, a deformation to a
3-fold with only quotient singularities. In general, a weak Q-Fano 3-fold does not have a
Q-smoothing (cf. [Min01, Example 3.7]). We give a partial result in this direction as follows.
Theorem 1.3. Let X be a weak Q-Fano 3-fold.
(i) Then X can be deformed to a weak Q-Fano 3-fold Xt with the following property:
for all pt ∈ SingXt, the invariant “µ(1)(Xt, pt)” vanishes.
(ii) Assume that X has a “global index one cover” which is Q-factorial. Then X can be
deformed to a 3-fold with only quotient singularities and A1,2/4-singularities.
The invariant µ(1) of singularities appeared in Theorem 1.3(i) is an analogue of the in-
variant appeared in [NS95, Section 2] (See Definition 3.2). An A1,2/4-singularity in (ii) is
the terminal singularity (x2 + y2 + z3 + u2 = 0)/Z4(1, 3, 2, 1). See Theorem 3.6(ii) for the
precise meaning of the “global index one cover” in (ii).
Minagawa ([Min01, Main Theorem (2)]) proved that a weak Fano 3-fold with Gorenstein
terminal singularities can be deformed to that with only ordinary double points. Moreover,
he proved that, if it is Q-factorial, then it admits a smoothing, that is, a deformation
to a smooth weak Fano 3-fold ([Min01, Main Theorem (3)]). Theorem 1.3 is a partial
generalization of these results.
In section 4, we also treat the canonical covering stack associated to a 3-fold with terminal
singularities or a surface with klt singularities. We shall explain the unobstructedness of
deformations of a Q-Fano 3-fold and Q-Gorenstein deformations of a weak log del Pezzo
surface.
1.1. Comments on the proof. To prove Theorem 1.2, we apply the T 1-lifting property
([Ran92], [Kaw92], [FM99]) to the deformation functor of a pair (X,D) of a weak Q-Fano
3-fold X and a smooth divisor D ∈ |−mKX | for a sufficiently large m > 0. The author
proved the unobstructedness for a smooth weak Fano variety by using the E1-degeneration
of the Hodge to de Rham spectral sequence associated to the log de Rham complex ([San14,
Theorem 1.1]). Since we do not have such a statement on a 3-fold with terminal singularities,
we prove the necessary statements directly by using some arguments similar to those in the
proof of [Nam94, Theorem 1].
To prove Theorem 1.3, we use 2 types of invariants of singularities. For (i), we use the
invariant µ(1) which is a version of the invariant µ used in [NS95, Section 2]. For (ii), we
use the coboundary map φU which is used in [NS95, Section 1] and [San17b].
Finally let us give comments on Theorem 4.5. Although Theorem 1.2 is stronger, we shall
prove the unobstructedness for a Q-Fano 3-fold X by associating the canonical covering
stack X→ X . We shall show that the obstruction space Ext2OX(Ω1X,OX) for X vanishes. An
advantage of this method is that the canonical sheaf ωX is invertible and the Ext group is
the dual of some cohomology group.
2. Unobstructedness of deformations of a weak Q-Fano 3-fold
In this section, we shall prove Theorem 1.2 about the unobstructedness. We first prepare
necessary materials on infinitesimal deformations.
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2.1. Preliminaries on deformation functors. Let X be an algebraic scheme and D its
closed subscheme. Let ArtC be the category of Artinian local C-algebras with residue field
C. We consider the deformation functors DefX ,Def(X,D) : ArtC → (Sets) of X and (X,D)
respectively which are defined as follows (cf. [San16, Definition 2.1, 2.2]).
First, we introduce the deformation functor of an algebraic scheme.
Definition 2.1. (cf. [Ser06, 1.2.1]) Let X be an algebraic scheme over C and S an algebraic
scheme over C with a closed point s ∈ S. A deformation of X over S is a pair (X , i), where
X is a scheme flat over S and i : X →֒ X is a closed immersion such that the induced
morphism X → X ×S {s} is an isomorphism.
Two deformations (X1, i1) and (X2, i2) over S are said to be equivalent if there exists an
isomorphism ϕ : X1 → X2 over S which commutes the following diagram;
X 
 i1
// p
i2
  
❆❆
❆❆
❆❆
❆❆
X1
ϕ

X2
Define the functor DefX : ArtC → (Sets) by setting
(1) DefX(A) := {(X , i) : deformation of X over SpecA}/(equiv),
where (equiv) means the equivalence introduced in the above.
We also introduce the deformation functor of a closed immersion.
Definition 2.2. (cf. [Ser06, 3.4.1]) Let f : D →֒ X be a closed immersion of algebraic
schemes over C and S an algebraic scheme over C with a closed point s ∈ S. A deformation
of a pair (X,D) over S is a data (F, iX , iD) in the cartesian diagram
(2) D 
 iD
//
f

D
F

X 
 iX
//

X
Ψ

{s}   // S,
where Ψ and Ψ ◦ F are flat and iD, iX are closed immersions. Two deformations (F, iD, iX)
and (F ′, i′D, i
′
X) of (X,D) over S are said to be equivalent if there exist isomorphisms α : X →
X ′ and β : D → D′ over S which commutes the following diagram;
D 
 iD
// p
i′D
  
❆❆
❆❆
❆❆
❆❆
D //
β

X
α

X_?iX
oo
nN
i′X}}④
④④
④④
④④
④
D′ // X ′.
We define the functor Def(X,D) : ArtC → (Sets) by setting
(3) Def(X,D)(A) := {(F, iD, iX) : deformation of (X,D) over SpecA}/(equiv),
where (equiv) means the equivalence introduced in the above.
We use the following notion of a T 1-space for the T 1-lifting property.
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Definition 2.3. Let ι : D →֒ X be a closed immersion of algebraic schemes as in Definition
2.2. Set An := C[t]/(t
n+1) and Bn := C[x, y]/(x
n+1, y2) ≃ An ⊗C A1. For [(Xn, Dn), φ0] ∈
Def(X,D)(An), let T
1((Xn, Dn)/An) be the set of isomorphism classes of pairs ((Yn, En), ψn)
consisting of deformations (Yn, En) of (Xn, Dn) over Bn and marking isomorphisms ψn : Yn⊗Bn
An → Xn such that ψn(En ⊗Bn An) = Dn, where we use a ring homomorphism Bn → An
given by x 7→ t and y 7→ 0. We call T 1((Xn, Dn)/An) the T 1-space of (Xn, Dn).
We have the following interpretation of the T 1-space.
Proposition 2.4. Let X be a reduced algebraic scheme over C and D be its divisor such
that D ⊂ Xsm, where Xsm ⊂ X is the smooth locus. Let (Xn, Dn) ∈ Def(X,D)(An).
Then we have
(4) T 1((Xn, Dn)/An) ≃ Ext1OXn (Ω1Xn/An(logDn),OXn).
Proof. We can prove this by a standard argument using Bn ≃ An⊗CA1. We write the proof
for the convenience of the reader.
We shall construct two homomorphisms
Φ: T 1((Xn/Dn)/An)→ Ext1OXn (Ω1Xn/An(logDn),OXn),
Ψ: Ext1OXn (Ω
1
Xn/An(logDn),OXn)→ T 1((Xn/Dn)/An)
and check that they are converse to each other.
Given ξn = (Yn, En) ∈ T 1((Xn/Dn)/An), consider the exact sequence
0→ OXn → Ω1Yn/An(logEn)|Xn → Ω1Xn/An(logDn)→ 0
and let Φ(ξn) ∈ Ext1OXn (Ω1Xn/An(logDn),OXn) be the class corresponding to the above
extension. This defines a homomorphism Φ.
Conversely, given an extension
0→ OXn β−→ F α−→ Ω1Xn/An(logDn)→ 0
corresponding to a class η ∈ Ext1OXn (Ω1Xn/An(logDn),OXn). This can be pulled back by
d : OXn → Ω1Xn/An(logDn) to an extension of An-algebras
0→ OXn → A→ OXn → 0,
where we put A := F ×Ω1
Xn/An
(logDn) OXn . On a open subset U ⊂ X , the sections of A is
A(U) = {(e, g) ∈ F(U)×OXn(U) | α(e) = dg}.
The algebra structure on A is determined by
(e1, g1) · (e2, g2) = (g1e2 + g2e1, g1g2)
for (e1, g1), (e2, g2) ∈ A(U) on a open set U . Moreover the Bn-algebra structure on A is
determined by a homomorphism Bn → A sending y to (β(1), 0) ∈ A, where y ∈ Bn satisfies
y2 = 0 in the definition. Then we see that A is flat over Bn by the local criterion of flatness.
We also see that A⊗Bn An ≃ OXn , thus, by putting OYn := A, we obtain a deformation of
Xn over Bn.
We define an ideal sheaf I ⊂ A by
I := F(−Dn)×Ω1
Xn/An
(logDn)(−Dn) OXn(−Dn).
DEFORMATIONS OF WEAK Q-FANO 3-FOLDS 5
Note that we have a natural commutative diagram
OXn d // Ω1Xn/An(logDn)
OXn(−Dn) d //
?
OO
Ω1Xn/An(logDn)(−Dn).
?
OO
We can check that I is an ideal sheaf of A. Thus I has a Bn-module structure and it fits
in a commutative diagram whose horizontal sequences are exact:
0 // OXn(−Dn) // F(−Dn) // Ω1Xn/An(logDn)(−Dn) // 0
0 // OXn(−Dn) //
=
OO
I //
OO
OXn(−Dn) //
d
OO
0.
Hence I is flat over Bn again by the local criterion of flatness. We can also check that
I ⊗Bn An ≃ OXn(−Dn). We can define a lifting En ⊂ Yn of Dn ⊂ Xn by putting IEn := I.
By using Yn, En, we can define Ψ(η) := [(Yn, En)] ∈ T 1((Xn, Dn)/An). Thus we obtain Ψ.
We can check that Φ and Ψ are converse to each other and obtain the required isomor-
phism. 
The following proposition shows that a S3 sheaf behaves well under base change and that
infinitesimal deformations of a S3 scheme do not change by removing a codimension 3 closed
subset.
Proposition 2.5. Let X be an algebraic scheme over C and ι : U →֒ X be an open im-
mersion. Assume that depthOX,p ≥ 3 for all scheme theoretic point p ∈ X \ U . Let
fUA : UA → SpecA be a deformation of U over (A,mA) ∈ ArtC. Let FUA be an A-flat co-
herent sheaf on UA. Let FA := ι∗FUA be a sheaf of A-modules on a ringed space (X, ι∗OUA)
and F := ι∗(FUA ⊗A A/mA) be an OX-module. Assume that, on the stalk,
(*) depthOX,p Fp ≥ 3
for all scheme theoretic point p ∈ X \ U .
Let M be a finite A-module. Then we have the following.
(i)
R1ι∗(FUA ⊗A M) = 0.
(ii)
FA ⊗A M ≃ ι∗(FUA ⊗A M).
(iii) The ringed space XA := (X, ι∗OUA) is an algebraic scheme, flat over A and OXA ⊗A
C ≃ OX . Thus it defines XA ∈ DefX(A).
Moreover, the sheaf of A-modules FA is a coherent OXA-module, flat over A and
satisfies FA ⊗A C ≃ F .
Proof. (i) We prove this by induction on dimCM .
If dimCM = 1, then we have M ≃ C. Thus we have R1ι∗(FUA⊗AC) = 0 by the condition
(*) on the depth.
We consider the general case. Note that there exists m ∈ M such that A ·m ≃ C. Thus
we have an exact sequence
(5) 0→ C→M →M ′ → 0.
6 TARO SANO
By tensoring this with FUA, and taking R1ι∗, we obtain an exact sequence
R1ι∗(FUA ⊗A C)→ R1ι∗(FUA ⊗A M)→ R1ι∗(FUA ⊗A M ′).
By the induction hypothesis, the both sides are zero. Hence we see that the middle term is
also zero.
(ii) The identity homomorphism ι∗(FA ⊗A M)→ FUA ⊗A M defines a homomorphism
φ : FA ⊗A M → ι∗(FUA ⊗A M).
We shall show that φ is an isomorphism.
(Case 1) We first treat the case where M admits a surjection A → M and let A′ := M .
We may assume that π : A→ A′ is a small extension, that is, dimCKer π = 1 since we can
decompose π into small extensions. Let (t) := Ker π with an exact sequence
(6) 0→ (t)→ A→ A′ → 0.
By tensoring this with FA and FUA, and taking ι∗, we obtain a commutative diagram
(7) FA ⊗A (t) //
φ′

FA //
≃

FA ⊗A A′ //
φ

0
0 // ι∗(FUA ⊗A (t)) // ι∗(FUA) // ι∗(FUA ⊗A A′) // 0.
Both horizontal sequences are exact. The exactness of the bottom sequence follows from the
flatness of FUA and R1ι∗FU = 0 by (i). The vertical homomorphisms φ and φ′ are surjective.
Indeed, the surjectivity of φ′ follows from (i) again since we have (t) ≃ C ≃ A/mA for the
maximal ideal mA. Hence, by the diagram chasing, we see that φ is injective. Thus we see
that φ is an isomorphism.
(Case 2) In general case, we show that φ is an isomorphism by induction on dimCM . When
dimCM = 1, then the statement is proved in (Case 1).
For m ∈ M such that A ·m ⊂ M is 1-dimensional over C, we have an exact sequence as
in (5). Thus we have the following two exact sequences with commutative diagrams:
(8) FA ⊗A C //
φ0

FA ⊗A M //
φ

FA ⊗A M ′ //
φM′

0
0 // ι∗(FUA ⊗A C) // ι∗(FUA ⊗A M) // ι∗(FUA ⊗A M ′) // 0.
The induction hypothesis implies that φM ′ is an isomorphism. Since φ0 is also an isomor-
phism, we see that φ is also an isomorphism by the diagram.
(iii) For the former statement, we may assume that X is affine and shall show that ι∗OUA
is isomorphic to the sheaf OSpecH0(OUA ). We prove this by induction on dimCA.
Consider a small extension as in (6). By R1ι∗OU = 0, we have an exact sequence
0→ ι∗OU → ι∗OUA → ι∗(OUA ⊗A A′)→ 0.
The both side terms are isomorphic to the sheaf coming from the corresponding affine
schemes. Hence the middle one is also isomorphic to the sheaf of an affine scheme. Thus we
see that the ringed space XA = (X, ι∗OUA) is an algebraic scheme. We may also check that
FA is coherent by the exact sequence (7).
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Next we shall check the A-flatness of OXA and FA. By (ii), we see that φ and φ′ are
isomorphisms in the diagram (7). By induction on dimCA, we shall show the A-flatness of
FA.
When dimCA = 1, then the flatness is trivial. Let A → A′ be a small extension as in
(6). We see that FA′ ≃ FA ⊗A A′ is flat over A′ by the induction hypothesis. By the local
criterion of flatness (cf. [Har10, Proposition 2.2]) and the exact sequence in (7), we see that
FA is flat over A.
In the same way, we can check that OXA is flat over A. 
Remark 2.6. A similar proposition was treated in [Kol95, Proposition 12]. However the
original statement has a counterexample ([LN16, Example 3.12]). Lee and Nakayama also
treated similar propositions (cf. [LN16, Proposition 3.7, Corollary 3.10, Lemma 3.14.])
which should imply Proposition 2.5. However, we include the proof of Proposition 2.5 to
make this paper self-contained.
As a corollary, we have the following proposition about the behaviour of the deformation
functor of a klt variety under removing a codimension 3 closed subscheme.
Corollary 2.7. Let X be a normal variety with only klt singularities and D be an effective Q-
Cartier Weil divisor on X. Let Z ⊂ X be a closed subscheme whose irreducible components
Zi satisfy codimX Zi ≥ 3. Let U := X \ Z and DU := D \ Z. Consider the restriction
morphism of functors
Φ: Def(X,D) → Def(U,DU ) .
Then we have the following.
(i) There is an inverse Ψ: Def(U,DU ) → Def(X,D) of Φ. Hence Φ is an isomorphism.
(ii) Let (Xn, Dn) ∈ Def(X,D)(An) over An as in Definition 2.3 and its restriction (Un, DUn) ∈
Def(U,DU )(An) by Φ. Then we have an isomorphism of the T
1-spaces
T 1((Xn, Dn)/An) ≃ T 1((Un, DUn)/An).
Proof. (i) Let (UA, DUA) ∈ Def(U,DU )(A) over A ∈ ArtC. We shall construct Ψ((UA, DUA)) =
(XA, DA) as follows.
Let OXA := ι∗OUA. By Proposition 2.5(iii), we see that the ringed space XA := (X,OXA)
is an algebraic scheme such that XA ∈ DefX(A).
Next define an ideal sheaf IDA ⊂ OXA by IDA := ι∗IDUA . Since ID = OX(−D) is
Cohen-Macaulay (cf. [KM98, Corollary 5.25]), the sheaf IDA satisfies the condition of FA in
Proposition 2.5. Thus IDA is flat over A and the corresponding closed subscheme DA ⊂ XA
defines an element (XA, DA) ∈ Def(X,D)(A).
For a homomorphism A→ A′ in ArtC, the compatibility
Ψ((UA, DUA)⊗A A′) = Ψ((UA, DUA))⊗A A′
follows from Proposition 2.5 (ii). Hence we have a natural transformation Ψ: Def(U,DU ) →
Def(X,D).
We can check that Φ and Ψ are converse to each other by Proposition 2.5.
(ii) This immediately follows from (i). 
For a deformation of a 3-fold with only terminal singularities, we also have the following
lemma about Ext group under restriction to a open subset over An.
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Lemma 2.8. (cf. [San17a, Lemma 2.11]) Let X be a 3-fold with only terminal singularities
and ξn := (Xn → SpecAn) ∈ DefX(An). Let U ⊂ X be the smooth locus of X and
Un → SpecAn be a deformation of U induced by ξn. Let F ,L be reflexive sheaves on Xn.
Assume that R1ι∗L|Un = 0, where ι : U →֒ X is an open immersion.
Then the restriction homomorphism
(9) r : Ext1OXn (F ,L)→ Ext1OUn (F|Un,L|Un)
is an isomorphism.
Proof. We can construct the converse of r as follows. Given an exact sequence
0→ L|Un → GUn → F|Un → 0,
its push-forward
0→ L → ι∗GUn → F → 0
is also exact by the condition R1ι∗L|Un = 0.

We also need the following proposition about the obstruction to smoothness of the for-
getful morphism.
Proposition 2.9. Let X be an algebraic scheme and D be its closed subscheme. Let Def(X,D)
and DefX be the deformation functors defined in Definitions 2.1, 2.2 and
Φ: Def(X,D) → DefX
be the forgetful morphism. Assume the following two conditions:
(i) There is a Zariski open cover {Ui}ni=1 such that the forgetful morphism Def(Ui,Di) →
DefUi is a smooth morphism for i = 1, . . . , n, where Di := D ∩ Ui.
(ii) H1(D,ND/X) = 0, where ND/X is the normal sheaf.
Then Φ is a smooth morphism.
Remark 2.10. The condition (i) holds when D ⊂ X is a l.c.i. subscheme (cf. [Har10, Remark
6.2.1]).
Proof. This can be deduced from [Har10, Theorem 6.2 (b)] as follows. Given an extension
0 → J → A′ → A → 0 in ArtC such that mA′ · J = 0, (XA, DA) ∈ Def(X,D)(A) and
XA′ ∈ DefX(A′) such that XA′ ⊗A′ A ≃ XA. Since extensions of DA over A′ exist locally on
XA by the condition (i), we can apply [Har10, Theorem 6.2 (b)] to define an obstruction class
o(XA,DA),XA′ ∈ H1(D,ND/X ⊗C J) for the existence of a lifting (XA′, DA′) ∈ Def(X,D)(A′)
of (XA, DA). Thus H
1(D,ND/X) is an obstruction space for smoothness of Φ and, by the
condition (ii), the smoothness of Φ follows. 
2.2. Proof of Theorem 1.2. The following result is crucial to prove Theorem 1.2.
Theorem 2.11. Let X be a weak Q-Fano 3-fold. Take a smooth member D ∈ |−mKX |
for some positive integer m such that D ∩ SingX = ∅ which exists by the base point free
theorem.
Then the deformation functor Def(X,D) is unobstructed.
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Proof. We shall use the T 1-lifting property. The proof is similar to [San14, Theorem 2.2],
but also follows some arguments in [Nam94, Section 2].
By the T 1-lifting theorem ([FM99, Theorem A]) and Proposition 2.4, it is enough to show
that the base-change homomorphism
Ext1OXn (Ω
1
Xn/An(logDn),OXn)→ Ext1OXn−1 (Ω
1
Xn−1/An−1(logDn−1),OXn−1)
is surjective.
Let U be the smooth locus of X and ι : U →֒ X be the open immersion. Note that
D ⊂ U . Let (Un, Dn) ∈ Def(U,D)(An) be the deformation induced by (Xn, Dn). We have
two isomorphisms
(10) Ext1OXn (Ω
1
Xn/An(logDn),OXn) ≃ Ext1OUn (Ω1Un/An(logDn),OUn)
≃ Ext1OXn
(
ι∗
(
Ω1Un/An(logDn)⊗ ωUn/An
)
, ωXn/An
)
,
where ι : Un →֒ Xn is an open immersion. The former isomorphism follows from Corollary
2.7 (ii). The latter isomorphism follows from Lemma 2.8 since ωX is Cohen-Macaulay and
we have R1ι∗ωUn/An = 0 by applying Proposition 2.5(i) in the case M = A = An (cf. [San16,
Claim 2.12]). By the Serre duality, we obtain
(11) Ext1OXn (ι∗
(
Ω1Un/An(logDn)⊗ ωUn/An
)
, ωXn/An)
≃ HomAn
(
H2
(
Xn, ι∗
(
Ω1Un/An(logDn)⊗ ωUn/An
))
, An
)
.
Thus it is enough to show the homomorphism
(12) HomAn(H
2(Xn, ι∗
(
Ω1Un/An(logDn)⊗ ωUn/An
)
), An)
→ HomAn−1
(
H2
(
Xn−1, ι∗
(
Ω1Un−1/An−1(logDn−1)⊗ ωUn−1/An−1
))
, An−1
)
is surjective.
Let πn : Zn → Xn be a cyclic cover branched along Dn ∈ |−mKXn/An |. Now let M∨ be
the dual of some object M . We have an isomorphism
Ω1Zn(log∆n) ≃ (π∗nΩ1Xn(logDn))∨∨
for some divisor ∆n ∈ |−π∗nKXn/An|, where π∗nKXn/An is a Cartier divisor on Zn correspond-
ing to a line bundle (π∗nωXn/An)
∨∨. Then we obtain the decomposition
(πn)∗Ω
1
Zn(log∆n)(−∆n) ≃
m−1⊕
i=0
ι∗(Ω
1
Un(logDn)((i+ 1)KUn/An)).
By this decomposition, the surjectivity is reduced to that of the homomorphism
(13) HomAn(H
2(Zn,Ω
1
Zn/An(log∆n)(−∆n)), An)
→ HomAn−1(H2(Zn−1,Ω1Zn−1/An−1(log∆n−1)(−∆n−1)), An−1).
As in the proof of [Nam94, Section 2, Theorem 1], the above surjectivity is reduced to
the following two statements;
(i) H2(Zn,Ω
1
Zn/An
(log∆n)(−∆n)) is a free An-module.
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(ii) The reduction homomorphism
H2(Zn,Ω
1
Zn/An(log∆n)(−∆n))→ H2(Zn−1,Ω1Zn−1/An−1(log∆n−1)(−∆n−1))
is surjective.
Since Zn → SpecAn is a relative l.c.i. morphism, we see that Ω1Zn/An(log∆n)(−∆n) is a
flat An-module (cf. [Ser06, Theorem D.2.7]). Hence we have an exact sequence
0→ Ω1Z(log∆)(−∆)→ Ω1Zn/An(log∆n)(−∆n)→ Ω1Zn−1/An−1(log∆n−1)(−∆n−1)→ 0.
The following lemma implies (ii).
Lemma 2.12. Let Z := Z0, ∆ := ∆0 and π := π0 : Z → X be as above. Then we have
H3(Z,Ω1Z(log∆)(−∆)) = 0.
Proof of Lemma 2.12. Since Z is smooth along ∆, there is an exact sequence
0→ Ω1Z(log∆)(−∆)→ Ω1Z → Ω1∆ → 0.
This sequence induces an exact sequence
H2(∆,Ω1∆)→ H3(Z,Ω1Z(log∆)(−∆))→ H3(Z,Ω1Z).
Thus it is enough to show that the both side terms are zero.
We first show H2(∆,Ω1∆) = 0. By the Serre duality and Hodge symmetry, we see that
h2(∆,Ω1∆) = h
0(∆,Ω1∆) = h
1(∆,O∆). There is an exact sequence
H1(Z,OZ)→ H1(∆,O∆)→ H2(Z,OZ(−∆)).
Since we have π∗OZ ≃
⊕m−1
i=0 OX(iKX), we see that H1(Z,OZ) = 0 by the Kawamata-
Viehweg vanishing theorem since −KX is nef and big. Since ∆ is nef and big, we also see
that H2(Z,OZ(−∆)) = 0. Thus we obtain H2(∆,Ω1∆) = 0.
Next we show H3(Z,Ω1Z) = 0. By the Serre duality, we see that h
3(Z,Ω1Z) = h
0(Z,Ω2Z).
Let µ : Z˜ → Z be a log resolution of singularities of Z. Since Z has only Gorenstein
terminal singularities, we see that µ∗Ω
2
Z˜
≃ Ω2Z (cf. [Nam01, Theorem 4]). Hence we obtain
h0(Z,Ω2Z) = h
0(Z˜,Ω2
Z˜
) = h2(Z˜,OZ˜), where we use the Hodge symmetry on Z˜ for the latter
equality. Since Z has only rational singularities, h2(Z˜,OZ˜) = h2(Z,OZ). This is zero by
the Kawamata-Viehweg vanishing theorem. Thus we obtain H3(Z,Ω1Z) = 0. Concluding
the proof of Lemma 2.12. 
Thus we obtain (ii).
In order to obtain (i), it is enough to show the surjectivity of the homomorphism
Φn : H
1(Zn,Ω
1
Zn/An(log∆n)(−∆n))→ H1(Zn−1,Ω1Zn−1/An−1(log∆n−1)(−∆n−1))
by (ii) and the base change theorem (cf. [Har77, Theorem 12.11 (b)]).
Let K(Zn,∆n) := Ker(O∗Zn → O∗∆n). Then we have a commutative diagram
0 // H1(Z,K(Z,∆))⊗Z C //
α1

H1(Z,O∗Z)⊗Z C //
α2

H1(∆,O∗∆)⊗Z C
α3

0 // H1(Z,Ω1Z(log∆)(−∆)) // H1(Z,Ω1Z) // H1(∆,Ω1∆),
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where the vertical homomorphisms are induced by the homomorphisms
1
2π
√−1d logZ : O
∗
Z → Ω1Z ,
1
2π
√−1d log∆ : O
∗
∆ → Ω1∆.
Note that we have the upper exact sequence after tensoring C since H1(Z,OZ) = 0 by
the proof of Lemma 2.12 and thus H1(Z,O∗Z) is a finitely generated Z-module. By using
arguments in [Nam94, Lemma 2.2], we obtain the following claim.
Claim 2.13. The homomorphism α2 is surjective.
Proof of Claim. Note that Z has only isolated cDV singularities by the construction of Z.
Let ν : Z˜ → Z be a log resolution of Z such that ν−1(Zsm) → Zsm is an isomorphism.
We have a natural homomorphism Ω1Z → ν∗Ω1Z˜ . This is an isomorphism since we have
H iSingZ(Z,Ω
1
Z) = 0 for i = 0, 1 by [Nam94, Lemma 2.1]. The Leray spectral sequence
induces a commutative diagram
(14) 0 // H1(Z,O∗Z)⊗Z C //
α2

H1(Z˜,O∗
Z˜
)⊗Z C //
α˜2

H0(Z,R1ν∗O∗Z˜)⊗Z C
α′2

0 // H1(Z,Ω1Z)
// H1(Z˜,Ω1
Z˜
) // H1(Z,R1ν∗Ω
1
Z˜
)
whose horizontal sequences are exact. The exactness of the upper sequence follows since
H1(Z˜,OZ˜) = 0 and H1(Z˜,O∗Z˜) is a finitely generated Z-module. We can also show that α′2
is injective by [Nam94, Lemma 2.2, Claim] since the problem is local around the singularities
of Z. By applying the snake lemma to the diagram (14), we obtain the surjectivity of α˜2. 
Since H1(∆,O∆) = 0, the homomorphism α3 is injective. Thus, by the snake lemma, we
see that α1 is surjective.
Let K′ := Ker(K(Zn,∆n) → K(Zn−1,∆n−1)). We see that K′ ≃ OZ(−∆) since we have a
commutative diagram
0

0

0

0 // K′ //

K(Zn,∆n) //

K(Zn−1,∆n−1) //

0
0 // OZ //

O∗Zn //

O∗Zn−1 //

0
0 // O∆ //

O∗∆n //

O∗∆n−1 //

0.
0 0 0
By this and H2(Z,OZ(−∆)) = 0, we see that the homomorphism
β1 : H
1(Zn,K(Zn,∆n))→ H1(Z,K(Z,∆))
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is surjective. Since we have a commutative diagram
H1(Zn,K(Zn,∆n))⊗Z An
β1
//

H1(Z,K(Z,∆))⊗Z C
α1

H1(Zn,Ω
1
Zn/An
(log∆n)(−∆n)) β2 // H1(Z,Ω1Z(log∆)(−∆)),
we see that the homomorphism β2 is surjective. We see that β2 ⊗An C is an isomorphism
by the base change theorem ([Har77, Theorem 12.11 (a)]). Thus, by Nakayama’s lemma,
we see that H1(Zn,K(Zn,∆n))⊗Z An → H1(Zn,Ω1Zn/An(log∆n)(−∆n)) is surjective. By this
and the commutative diagram
H1(Zn,K(Zn,∆n))⊗Z An
β′1
//

H1(Zn−1,K(Zn−1,∆n−1))⊗Z An−1

H1(Zn,Ω
1
Zn/An
(log∆n)(−∆n)) Φn // H1(Zn−1,Ω1Zn−1(log∆n−1)(−∆n−1)),
we see that Φn is surjective. Hence we obtain (i). We finish the proof of Theorem 2.11. 
Corollary 2.14. Let X be a weak Q-Fano 3-fold. Then its deformation functor DefX is
unobstructed.
Proof. Let D ∈ |−mKX | be a smooth divisor as in Theorem 2.11. Let F : Def(X,D) → DefX
be the forgetful morphism. Note that H1(D,ND/X) = 0 since we have an exact sequence
H1(X,OX(D))→ H1(D,ND/X)→ H2(X,OX)
and both side terms are zero by the Kawamata-Viehweg vanishing theorem. Thus, by
Proposition 2.9 and Theorem 2.11, we see that F is a smooth morphism and this implies
that DefX is unobstructed since Def(X,D) is unobstructed. 
3. Q-smoothings of a weak Q-Fano 3-fold
3.1. Du Bois invariants of singularities. We shall introduce two types of Du Bois in-
variants of a 3-fold terminal singularity.
First, we recall the invariant used in [NS95, Section 1] for the Gorenstein case and [San17b]
in the general case. Let (U, p) be a germ of a 3-fold terminal singularity and
π : V := Spec⊕r−1i=0OU (iKU)→ U
be its index one cover with the Zr-action with a point q := π
−1(p). Let ν : V˜ → V be a
Zr-equivariant log resolution such that its exceptional divisor F ⊂ V˜ has a SNC support
and V˜ \ F ≃ V \ {q}. Let V ′ := V \ {q} and
τV : H
1(V ′,Ω2V ′(−KV ′))→ H2F (V˜ ,Ω2V˜ (−ν∗KV ))
be the coboundary map of the local cohomology. Let π˜ : V˜ → U˜ := V˜ /Zr be the finite
morphism induced by π and E ⊂ U˜ the exceptional divisor of the birational morphism
µ : U˜ → U induced by ν. Let U ′ := U \{p} and F (0)U the Zr-invariant part of π˜∗Ω2V˜ (−ν∗KV ).
Then we have the coboundary map
(15) φU : H
1(U ′,Ω2U ′(−KU ′))→ H2E(U˜ ,F (0)U )
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as the Zr-invariant part of τV . We have the following result.
Fact 3.1. ([San17b, Corollary 2.7]) Let (U, p) be a germ of a 3-fold terminal singularity.
Then the following are equivalent.
(i) φU = 0.
(ii) (U, p) is a quotient singularity or an A1,2/4-singularity.
Here, an A1,2/4-singularity is the germ (x
2 + y2 + z3 + u2 = 0)/Z4(1, 3, 2, 1).
We also use another invariant of a terminal singularity.
Definition 3.2. Let π˜ : V˜ → U˜ and F ⊂ V˜ be as above. Let
π˜∗Ω
1
V˜
(logF )(−F ) =
r−1⊕
i=0
G(i)U
be the eigen-decomposition with respect to the Zr-action of π such that
G(i)U := {s ∈ π˜∗Ω1V˜ (logF )(−F ) | g · s = ζ irs}
for ζr := exp(2π
√−1/r) and the generator g := 1¯ ∈ Zr. Let
µ(i)(U, p) := dimCH
0(U˜ ,G(i)U ).
From now, for a positive integer m and a C-vector space V (or a sheaf) with a Zm-action,
let
V (i) := {v ∈ V | g · v = ζ imv}
be the eigenspace with eigenvalue ζ ir for i = 0, . . . , m− 1.
Remark 3.3. When (U, p) is a 3-fold Gorenstein terminal singularity, the invariant µ(U, p) :=
µ(0)(U, p) is used to study smoothability of a Calabi-Yau 3-fold with terminal singularities
([NS95]). It is proved that µ(U, p) = 0 only when (U, p) is either smooth or an ODP ([NS95,
Theorem 2.2]).
We use the invariant µ(1)(U, p) to study Q-smoothing of a weak Q-Fano 3-fold. The
following can be useful to compute the invariant µ(1).
Lemma 3.4. Let (U, p) be a 3-fold terminal singularity such that µ(1)(U, p) = 0. Then we
have
µ(−1)(U, p) ≥ dimT 1(U,p) − σ(1)(U, p),
where σ(1)(U, p) is the rank of the eigenspace Cl(V, q)(1) of the local divisor class group
Cl(V, q) of the germ (V, q).
Proof. We have an exact sequence of the Zr-eigenspaces
H1(V˜ ,Ω1
V˜
(logF )(−F ))(1) → H1(V˜ ,Ω1
V˜
(logF ))(1) → H1(F,Ω1
V˜
(logF )|F )(1)
The assumption µ(1)(U, p) = 0 implies that the L.H.S. is zero. Hence we obtain
h1(V˜ ,Ω1
V˜
(logF ))(1) ≤ σ(1)(U, p)
since we have H1(F,Ω1
V˜
(logF )|F )(1) ≃ Gr1F H3{q}(V,C)(1) and H3{q}(V,C) ≃ Cl(V, q). By the
local duality, we obtain
h1(V˜ ,Ω1
V˜
(logF ))(1) = h2F (V˜ ,Ω
2
V˜
(logF )(−F ))(−1).
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We also have an exact sequence of the eigenspaces
H1(V˜ ,Ω2
V˜
(logF )(−F ))(−1) → H1(V ′,Ω2V ′)(−1) → H2F (V˜ ,Ω2V˜ (logF )(−F ))(−1).
Note that H1(V ′,Ω2V ′)
(−1) ≃ H1(U ′,Ω2U ′(−KU ′)) ≃ T 1(U,p). Also note that we have a sur-
jection d : H1(V˜ ,Ω1
V˜
(logF )(−F ))(−1) → H1(V˜ ,Ω2
V˜
(logF )(−F ))(−1) which is an eigenpart of
the surjection d : H1(V˜ ,Ω1
V˜
(logF )(−F ))→ H1(V˜ ,Ω2
V˜
(logF )(−F )) (See the proof of [NS95,
Theorem 1.1]). By this exact sequence and the above inequality, we obtain
dimT 1(U,p) ≤ µ(−1)(U, p) + h2F (V˜ ,Ω2V˜ (logF )(−F ))(−1) ≤ µ(−1)(U, p) + σ(1)(U, p).

Example 3.5. Let us consider the terminal singularity U := (xy+f(zr, u) = 0)/Zr(1,−1, a, 0)
for coprime positive integers r, a.
For example, let U := (xy + z2 + u2k+1 = 0)/Z2(1, 1, 1, 0) for k ∈ Z>0. If µ(1)(U, p) = 0,
then, by Lemma 3.4 and the Gorenstein index r = 2, we obtain µ(1)(U, p) = µ(−1)(U, p) ≥
dim(T 1(V,q))
(−1) = k since (V, q) is locally factorial. This is a contradiction and we obtain
µ(1)(U, p) > 0.
Similarly, we can compute µ(1)(U, p) > 0 for (U, p) = (xy + z2 + u2k = 0)/Z2(1, 1, 1, 0)
for k ∈ Z>1 as follows. Suppose that µ(1)(U, p) = 0. Then we have σ(V, q) = 1 and
µ(1)(U, p) = µ(−1)(U, p) ≥ dimT 1(U,p) − 1 by Lemma 3.4 again. This is also a contradiction
and we obtain µ(1)(U, p) > 0.
For other terminal singularities, the computation may be possible, but complicated.
3.2. On Q-smoothability of a weak Q-Fano 3-fold. By using the invariants of a ter-
minal singularity as in the previous subsection, we can prove the following result on the
existence of a global deformation of a weak Q-Fano 3-fold.
Theorem 3.6. Let X be a weak Q-Fano 3-fold.
(i) Then there exists a deformation φ : X → ∆1 over an unit disk whose general fiber
Xt satisfies the following: For p ∈ SingXt and its Stein neighborhood Up, we have
µ(1)(Up, p) = 0.
(ii) Let D ∈ |−mKX | be a smooth divisor for some positive integer m > 0 such that
D ∩ SingX = ∅ which exists by the base point free theorem. Let
Y := Spec⊕m−1i=0 OX(iKX)→ X
be the cyclic cover determined by D. Assume that Y is Q-factorial. (Y is the “global
index one cover” in Theorem 1.3.)
Then X can be deformed to a weak Q-Fano 3-fold with only quotient singularities
and A1,2/4-singularities.
Proof. Let π : Y → X be the Zm-cover as in (ii) and let Sing Y =: {p1, . . . , pl}.
There exists a Zm-equivariant log resolution ([AW97]) ν : Y˜ → Y which induces an iso-
morphism ν−1(Y \π−1{p1, . . . , pl})→ Y \π−1{p1, . . . , pl} and ν−1(Sing Y ) is a SNC divisor.
Let µ : X˜ := Y˜ /Zm → X be a birational morphism induced by ν.
Let Ui be a Stein neighborhood of pi for i = 1, . . . , l. Let πi : Vi := π
−1(Ui) → Ui and
νi : V˜i := ν
−1(Vi)→ Vi be the morphisms induced by π and ν respectively. Let U˜i := V˜i/Zm
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with a birational morphism µi : U˜i → Ui induced by νi. Let F := Exc(ν), E := Exc(µ),∆ :=
π−1(D) and L := OY (∆) = OY (π∗(−KX)). Also let Fi := Exc(νi) and Ei := Exc(µi). Let
F (0) := (π˜∗(Ω2Y˜ ⊗ ν∗L))Zm
be the Zm-invariant part and F (0)i := F (0)|U˜i be its restriction.
Let X ′ := X \ {p1, . . . , pl}. We have the following commutative diagram;
(16) H1(X ′,Ω2X′ ⊗ ω−1X′ )
⊕ψi
//
⊕pUi

⊕li=1H2Ei(X˜,F (0))
⊕ϕi ≃

⊕Ψi
// H2(X˜,F (0))
⊕li=1H1(U ′i ,Ω2U ′i ⊗ ω
−1
U ′i
)
⊕φi
// ⊕li=1H2Ei(U˜i,F (0)i ).
Now let V ′i := Vi \ π−1i (pi) and ∆˜ := ν−1(∆).
(i) Let p1, . . . , pl′ ∈ SingX be the singular points such that µ(1)(Ui, pi) 6= 0 for i = 1, . . . , l′.
Claim 3.7. The homomorphism Ψi ◦ ϕ−1i is not injective for i = 1, . . . , l′.
Proof of Claim. The homomorphism is the Zm-eigenpart
H2Fi(V˜i,Ω
2
V˜i
)(−1)
≃−→ H2Fi(Y˜ ,Ω2Y˜ (∆˜))(−1) → H2(Y˜ ,Ω2Y˜ (∆˜))(−1)
The homomorphism is dual to the eigenpart
γi : H
1(Y˜ ,Ω1
Y˜
(−∆˜))(1) → H1(V˜i,Ω1V˜i)
(1)
of the restriction homomorphism. This homomorphism fits in the following commutative
diagram
H1(Y˜ ,Ω1
Y˜
(−∆˜))(1)

γi
((❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
H1(Y˜ ,Ω1
Y˜
)(1) // H1(V˜i,Ω
1
V˜i
)(1)
H1(Y˜ ,O∗
Y˜
)
(1)
C
//
≃
OO
H1(V˜i,O∗V˜i)
(1)
C
∂
(1)
Vi
OO
Hence it is enough to check the corresponding eigenpart
∂
(1)
Vi
: H1(V˜i,O∗V˜i)
(1)
C → H1(V˜i,Ω1V˜i)
(1)
of ∂Vi : H
1(V˜i,O∗V˜i)C → H
1(V˜i,Ω
1
V˜i
) is not surjective. We see that the dimension of its
cokernel is µ(1)(Ui, pi) = h
1(U˜i,G(1)Ui ) by [NS95, Proposition 2.1]. Since this is non-zero by
the assumption, we obtain the claim. 
Let
(νi)∗ : H
1(V˜i,Ω
2
V˜i
(−KV˜i))→ H1(V ′i ,Ω2V ′i (−KV ′i ))
be the restriction homomorphism which can also be regarded as the blow-down morphism
(cf. [San17b, Section 2]). Note that
(17) Im(νi)∗ ⊂ Ker τVi
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as in [San17b, (2.12)], where τVi : H
1(V ′i ,Ω
2
V ′i
(−KV ′i )) → H2Fi(V˜i,Ω2V˜i(ν
∗
i (−KVi))) is the
coboundary map. By using this relation, we can find a good deformation as follows.
By Claim 3.7, there exists αi ∈ H2Ei(U˜i,F (0)i ) such that Ψi(ϕ−1i (αi)) = 0. Hence there
exists η ∈ H1(X ′,Ω2X′(−KX′)) such that ψi(η) = ϕ−1i (αi). Then we have pUi(η) = αi 6= 0,
thus pUi(η) 6∈ Kerφi. By this and the relation (17), we see that pUi(η) 6∈ Im(νi)∗. By arguing
as in the proof of [San17b, Theorem 1.4], we can deform singularity pi ∈ Ui as long as the
invariant µ(1) is non-zero. Thus, by Theorem 1.2, we obtain a deformation with the required
property.
(ii) The framework of the proof is similar to that of [San17b, Proof of Theorem 1.4].
Let p1, . . . , pl′ for some l
′ ≤ l be the singularities which are neither quotient singularities
nor A1,2/4-singularities.
Claim 3.8. We have Ψi ◦ (ϕ−1i ) ◦ φi = 0 for all i.
Proof of Claim. We see that the composition Ψi ◦ (ϕ−1i ) ◦ φi is one of the Zm-eigenparts of
the composition
(18) H1(V ′i ,Ω
2
V ′i
)
τVi−→ H2Fi(V˜i,Ω2V˜i)
≃−→ H2F (Y˜ ,Ω2Y˜ (∆˜))→ H2(Y˜ ,Ω2Y˜ (∆˜)).
Note that ∆˜ ∩ V˜i = ∅ for all i. This is dual to the restriction homomorphism
H1(Y˜ ,Ω1
Y˜
(−∆˜))→ H1(V ′i ,Ω1V ′i )
and it can be decomposed as
H1(Y˜ ,Ω1
Y˜
(−∆˜))→ H1(Y˜ ,Ω1
Y˜
)
Φi−→ H1(V ′i ,Ω1V ′i )
and Φi fits in the following commutative diagram
H1(Y˜ ,Ω1
Y˜
)
Φi
// H1(V ′i ,Ω
1
V ′i
)
H1(Y˜ ,O∗
Y˜
)⊗Z C
Φ′i
//
≃
OO
H1(V ′i ,O∗V ′i )⊗Z C.
OO
We see that Φ′i is zero since Y is Q-factorial by [KM92, 12.1.6] (cf. the proof of [NS95,
Proposition 1.2]). Thus we obtain the claim. 
By Fact 3.1, for i = 1, . . . , l′, there exists an element ηi ∈ H1(U ′i ,Ω2U ′i (−KU ′i )) such
that φi(ηi) 6= 0. By Claim 3.8, there exists η ∈ H1(X ′,Ω2X′(−KX′)) such that ψi(η) =
ϕ−1i (φi(ηi)).
By the relation (17) and pUi(η)− ηi ∈ Kerφi, we see that pUi(η) 6∈ Im(νi)∗, where we use
the inclusion H1(U ′i ,Ω
2
U ′i
(−KU ′i )) ⊂ H1(V ′i ,Ω2V ′i (−KU ′i)) and regard φi as the restriction of
τVi . By arguing as in the proof of [San17b, Theorem 1.4], we can deform singularity pi ∈ Ui
as long as φi 6= 0. By Fact 3.1 and Theorem 1.2, we obtain a required deformation. 
4. Deformations of a Q-Fano 3-fold via its canonical covering stack
In this section, we explain the canonical covering stack associated to a 3-fold with only
terminal singularities. We use it to prove the unobstructedness of deformations of a Q-Fano
3-fold.
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4.1. Preliminaries on canonical covering stacks. Let X be a 3-fold with only terminal
singularities. Let SingX =: {p1, . . . , pl}, pi ∈ Ui a small affine neighborhood of pi such
that Ui ∩ SingX = {pi}, and πi : Vi → Ui be the index one cover for i = 1, . . . , l. Let
V0 := X \ SingX and π0 : V0 → X the open immersion. Let V :=
∐l
i=0 Vi and π : V → X
the morphism such that π|Vi = πi for i = 0, . . . , l. Let Gi := Gal(Vi/Ui) ≃ Zri and
W := (
∐
i
Vi ×Gi) ⊔ (
∐
i 6=j
Vi ×X Vj).
We shall define an e´tale groupoid space
G(V ) := ( W s ×
V
tW
m
// W
i

s
//
t
// V
e
oo )
by setting m, s, t as follows: For i = 1, . . . , l and i 6= j, let
Wi := Vi ×Gi, Wij := Vi ×X Vj.
For i = 1, . . . , l, let si : Vi×Gi → Vi be the projection and ti : Vi×Gi → Vi be the morphism
defining the Gi-action on Vi, that is, the diagram
Vi ×Gi
ti
//
si
// Vi
is a groupoid space defining the quotient stack [Vi/Gi]. For i 6= j, let si,j : Vi ×X Vj → Vi
and ti,j : Vi ×X Vj → Vj be the projections. We define
s, t : W ⇒ V
by s|Vi×Gi = si (resp. t|Vi×Gi = ti) and s|Vi×XVj = si,j (resp. t|Vi×XVj = ti,j). In order to
define the multiplication map m : W ×V W → W , we use the following morphisms;
mi,i : (Vi ×Gi)×Vi (Vi ×Gi)→ Vi ×Gi,
mi,(j,i) : (Vi ×Gi)×Vi (Vj ×X Vi)→ Vj ×X Vi,
m(i,j),i : (Vi ×X Vj)×Vi (Vi ×Gi)→ Vi ×X Vj,
m(j,k),(i,j)(Vj ×X Vk)×Vj (Vi ×X Vj)→ Vi ×X Vk,
where mi,i is induced by the multiplication of the group Gi, m(i,j),i and m(i,j),i are the base
change of the Gi-action morphism ti, and m(j,k),(i,j) is the natural projection of the fiber
products. We define m by
m|Wi×Wi = mi,i, m|Wi×Wji = mi,(j,i),
m|Wij×ViWi = m(i,j),i, m|Wjk×Wij = m(j,k),(i,j).
Let X be the Deligne-Mumford stack associated to the groupoid space W ⇒ V (cf.
[Kaw02, Definition 6.1]). Let γ : X → X be the morphism to the coarse moduli space.
Note that the coarse moduli space of X is isomorphic to X since it can be constructed by
gluing Vi/Gi ≃ Ui with respect to the same gluing morphism as X . We can define a functor
DefX : ArtC → (Sets) of deformations of the stack X over Artinian rings as in the case of
schemes.
Remark 4.1. Aoki ([Aok05, Proposition 3.2.5]) pointed out that DefX is isomorphic to the
deformation functor Def(W⇒V ) of the e´tale groupoid space (W ⇒ V ). The deformation
functor of an e´tale groupoid space can be defined in an obvious way.
18 TARO SANO
Remark 4.2. Hacking ([Hac04, Section 3]) considered a canonical covering stack of a slc
surface and its deformation theory. The theory is parallel in the case of a 3-fold with
terminal singularities.
Lemma 4.3. (cf. [Hac04, Proposition 3.7]) There is an isomorphism of functors
(19) c : DefX
∼−→ DefX
which sends a deformation of X to its coarse moduli space.
Proof. We can construct a natural transformation c′ : DefX → DefX as follows; Let XA →
SpecA be a deformation of X over A ∈ ArtC. Let {Ui}ni=1 be an affine open sets of X as
above and Ui,A → SpecA be a deformation of Ui induced by XA. Let ιi : U ′i := Ui\{pi} → Ui
be the open immersion from the smooth locus for i = 1, . . . , l and ω
[j]
Ui,A
:= (ιi)∗ω
⊗j
U ′i,A
for
j ∈ Z. We see that ω[j]Ui,A is flat over A by Proposition 2.5. Thus we see that
Vi,A := Spec⊕ri−1j=0 ω[j]Ui,A/A → SpecA
is a Gi-equivariant deformation of Vi. Let V0,A be a deformation of V0 induced by XA,
VA :=
∐l
i=0 Vi,A and
WA := (
∐
i
Vi,A ×Gi) ⊔ (
∐
i 6=j
Vi,A ×XA Vj,A).
We can construct an e´tale groupoid space WA ⇒ VA similarly as W ⇒ V and this defines
an element of Def(W⇒V )(A), thus an element c
′(XA) := XA ∈ DefX(A). We see that XA is
flat over A since we can check it locally.
We can check that c′ is an inverse of c as follows:
Given XA ∈ DefX(A). We see that the coarse moduli space of the groupoid space WA ⇒
VA is isomorphic to XA since it can be constructed by gluing Vi,A/Gi ≃ Ui,A and the gluing
isomorphism is same as XA.
Conversely, given XA ∈ DefX(A). Then we have the corresponding e´tale groupoid space
W ′A =
∐
i
W ′i,A ⊔
∐
i 6=j
W ′ij,A ⇒ V
′
A =
l∐
i=0
V ′i,A
which is a deformation of W ⇒ V . We can check that W ′i,A ⇒ V
′
i,A is isomorphic to a
groupoid space V ′i,A × Gi ⇒ V ′i,A. Hence the coarse moduli space c(XA) of XA has an open
covering by affine schemes isomorphic to U ′i,A := V
′
i,A/Gi. We obtain the same groupoid
spaces from XA and c
′(c(XA)) by the construction of c
′. 
We can construct obstructions for deformations of X as follows.
Proposition 4.4. Let X be a 3-fold with terminal singularities and X its canonical covering
stack.
Then we can define an obstruction oξn ∈ Ext2OX(Ω1X,OX) to lift a deformation ξn ∈
DefX(An) to An+1.
Proof. The construction is parallel to [Ser06, Proposition 2.4.8] or [San16, Proposition 2.6].
Let us recall the construction.
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Let φn : Xn → SpecAn be the given deformation. By pulling back the exact sequence
0→ (tn+1) d−→ Ω1An+1/C ⊗An+1 An → Ω1An/C → 0 to Xn, we obtain
0→ OX → OXn → OXn−1 → 0.
We also have an exact sequence
0→ φ∗nΩ1An/C → Ω1Xn/C → Ω1Xn/An → 0.
By combining these sequences, we obtain an exact sequence
0→ OX → OXn → Ω1Xn/C → Ω1Xn/An → 0.
This determines an element oξn ∈ Ext2OXn (Ω1Xn/An ,OX) ≃ Ext2OX(Ω1X,OX), where the isomor-
phism follows similarly as [San16, Lemma 2.5]. We can check that, if oξn = 0, then the lift
ξn+1 ∈ DefX(An+1) of ξn exists as [San16, Proposition 2.6]. 
4.2. Proof of unobstructedness.
Theorem 4.5. Let X be a Q-Fano 3-fold. Then the deformation functor DefX is unob-
structed.
Proof. Let γ : X → X be the canonical covering stack of X constructed as above. By the
isomorphism (19), it is enough to show that DefX is a smooth functor. We have isomorphisms
Ext2OX(Ω
1
X
,OX) ≃ Ext2OX(Ω1X ⊗ ωX, ωX) ≃ H1(X,Ω1X ⊗ ωX)∨.
The first isomorphism follows since ωX is invertible. This is the main advantage of consid-
ering the canonical covering stack. The second isomorphism follows from the Serre duality
on a Deligne-Mumford stack ([Nir08, Corollary 2.10]).
Claim 4.6. We have an isomorphism
H1(X,Ω1
X
⊗ ωX) ≃ H1(X, ι∗(Ω1X′ ⊗ ωX′)),
where ι : X ′ →֒ X is an open immersion of the smooth part X ′ of X .
Proof of Claim. We can check this by the construction of γ : X→ X . Note that γ∗(Ω1X⊗ωX)
is reflexive since we have
γ∗(Ω
1
X
⊗ ωX)|Ui ≃
(
πi)∗(Ω
1
Vi
⊗ ωVi)
)Gi
on an affine neighborhood Ui of pi for i = 1, . . . , l and Ω
1
Vi
is S2 sheaf on Vi with only
Gorenstein terminal singularities. Thus we have an isomorphism
γ∗(Ω
1
X
⊗ ωX) ≃ ι∗(Ω1X′ ⊗ ωX′)
since both sheaves are reflexive and coincide on X ′. This isomorphism induces the isomor-
phism of cohomology groups. 
Thus it is enough to check H1(X, ι∗(Ω
1
X′ ⊗ ωX′)) = 0. This can be checked by a variant
of Lefschetz hyperplane section theorem as in [San16, Theorem 2.11]. 
Remark 4.7. The proof of Theorem 4.5 gives a new proof of [San16, Theorem 1.7]. In the
proof of [San16, Theorem 1.7], we need to compare delicately the deformations of a Q-Fano
3-fold and its smooth part. The new proof avoids this issue.
By using the canonical covering stack, we can also prove the unobstructedness of Q-
Gorenstein deformations of a log del Pezzo surface.
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Theorem 4.8. (cf. [HP10, Proposition 3.1], [ACC+15, Lemma 6]) Let S be a log weak del
Pezzo surface, that is, a normal projective surface with only klt singularities with a nef and
big anticanonical divisor −KS.
Then the Q-Gorenstein deformation functor DefqGS is unobstructed. (See [Tzi09, Defini-
tion 2.2] for the definition of DefqGS )
Proof. Let S→ S be the canonical covering stack of S induced from canonical coverings of
singularities of S ([Hac04, 3.1]). Since we have DefS ≃ DefqGS ([Hac04, Proposition 3.7]), it
is enough to show that DefS is unobstructed.
We see that
Ext2OS(Ω
1
S
,OS) ≃ Ext2OS(Ω1S ⊗ ωS, ωS) ≃ H0(S,Ω1S ⊗ ωS).
We also see that
H0(S,Ω1
S
⊗ ωS) ≃ H0(S, (Ω1S ⊗ ωS)∨∨) ≃ Hom(OS(−KS), (Ω1S)∨∨).
This vanishes by the Bogomolov-Sommese vanishing theorem on a log canonical variety.
Thus we are done. 
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